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CONTINUOUS ORBIT EQUIVALENCE RIGIDITY 


XIN LI 

Abstract. We take the first steps towards a better understanding of continuous orbit equiv¬ 
alence, i.e., topological orbit equivalence with continuous cocycles. First, we characterise con¬ 
tinuous orbit equivalence in terms of isomorphisms of C*-crossed products preserving Cartan 
subalgebras. This is the topological analogue of the classical result by Singer and Feldman- 
Moore in the measurable setting. Secondly, we turn to continuous orbit equivalence rigidity, 
i.e., the question whether for certain classes of topological dynamical systems, continuous orbit 
equivalence implies conjugacy. We show that this is not always the case by constructing topo¬ 
logical dynamical systems (actions of free abelian groups, and also non-abelian free groups) 
which are continuously orbit equivalent but not conjugate. Furthermore, we prove positive 
rigidity results. For instance, it turns out that general topological Bernoulli actions are rigid 
when compared with actions of nilpotent groups, and that topological Bernoulli actions of du¬ 
ality groups are rigid when compared with actions of solvable groups. The same is true for 
certain subshifts of full shifts over finite alphabets. 


1. Introduction 

From its very beginning on, the theory of operator algebras was closely related to ergodic 
theory and dynamical systems. The bridge between these subjects is built by crossed product 
constructions, attaching von Neumann algebras to measure-preserving dynamical systems and 
C*-algebras to topological dynamical systems. 

In the setting of von Neumann algebras, the crossed product construction, also called group- 
measure space construction, played an important role in the classification of injective factors. 
Similarly, in the C*-algebraic setting, crossed products attached to topological dynamical sys¬ 
tems provide interesting examples which are challenging to classify and lead to new insights. 

If we want to further develop the relationship between operator algebras and dynamical systems, 
the following question will be crucial: 

How much information do these crossed product constructions contain about the underlying 
dynamical systems? 

It turns out that the crossed product itself might contain very little information, but if we 
consider the crossed product together with a commutative subalgebra (which is canonically 
given), then our question can be answered in a systematic way. 


2010 Mathematics Subject Classification. Primary 37B05; Secondary 37A20, 46L05. 
Research supported by EPSRC grant EP/M009718/1. 

1 



2 


XIN LI 


To explain this in the measurable and von Neumann algebraic setting, let G rx X and H rxY 
be probability measure preserving actions. Here, our measure spaces are standard, our groups 
are discrete and countable, and they act by Borel automorphisms. We say that G rx X and 
H rx Y are orbit equivalent if there exists an isomorphism of measure spaces ip : X —> Y 
with tp(G.x) = H.ip(x ) for a.e. x € X. Moreover, we let G k X and H xY be the measured 
transformation groupoids attached to G rx X and H rxY. If our actions are (essentially) free, 
then G x X and H x Y are nothing else but the orbit equivalence relations R(G rx X) and 
R(H rx Y) viewed as measured groupoids. Here is a classical result: 

Theorem 1.1 ( 3. IT. ID ). Let G rx X and H rx Y be (essentially) free probability measure 
preserving actions. The following are equivalent: 

• G rx X and H rxY are orbit equivalent; 

• G x X and H k Y are isomorphic as measured groupoids (or equivalence relations); 

• there is a vN-isomorphism <3> : L°°(X ) xi G — L°°(Y) x H with < h(L°°(X)) = L°°{Y). 


The interested reader may consult [26j [8, [27] for more details. 

Our first result carries over Theorem 1 1.1 1 to the topological setting. Let G rx X and H rx Y be 
topological dynamical systems. This means that G and H are countable discrete groups acting 
by homeomorphisms on locally compact Hausdorff spaces X and Y. 

We say that G rx X and H rxY are continuously orbit equivalent if there exists a homeo- 
morphism ip : X — Y with inverse if = ip ” 1 : Y —X and continuous maps a : G x X —> H, 
b : H xY — > G such that ip(g.x) = a(g, x).ip(x) and if(h.y) = b(h, y).if(y) for all g e G, x G X, 
h G H and y G Y. Note that G and H carry the discrete topology. This notion of continuous 
orbit equivalence has been studied in special cases (see unmra, but not - at least to the best 
of the author’s knowledge - in the general setting. There is also a weaker notion of (topological) 
orbit equivalence which has been studied intensively for Z n -actions on the Cantor set in the 
remarkable papers mum- 

Moreover, let G x X and H x Y be the transformation groupoids attached to G rx X and 
H rx Y. Here is the topological analogue of Theorem 11.11 

Theorem 1.2. Let G rx X and H rxY be topologically free systems, and assume that X and 
Y are second countable. The following are equivalent: 

• G rx X and H rxY are continuously orbit equivalent; 

• G x X and H xY are isomorphic as topological groupoids; 

• there is a C*-isomorphism $ : C 0 (X) x r G — C 0 (Y) xi r H with tf^C^W)) = C 0 (T). 


Here and in the sequel, “topologically free system” stands for “topologically free topological 
dynamical system”. Because of Theorem 11.21 it seems that - at least for our purposes - con¬ 
tinuous orbit equivalence is a good topological analogue of orbit equivalence in the measurable 
setting. 
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In the measurable setting, orbit equivalence rigidity has established itself as a key notion. The 
idea is to find classes of actions for which orbit equivalence already implies conjugacy. Indeed, 
impressive orbit equivalence rigidity results have been obtained in [2EJ E US IS EE3 33 EL3] • 
Viewing continuous orbit equivalence as the topological analogue of orbit equivalence, a natural 
question is whether there are rigidity phenomena for continuous orbit equivalence. 

The only result known in this context is due to [1], which says that if Z rx X and Z rxY are 
topologically free systems on compact spaces X and Y such that one of them is topologically 
transitive, then Z rx X and Z rx Y must already be conjugate if they are continuously 
orbit equivalent. Apart from this, not much else seems to be known about continuous orbit 
equivalence rigidity. 

The main goal of the present paper is to take the first steps towards a better understanding of 
continuous orbit equivalence rigidity. 

First of all, we construct examples of topological dynamical systems which are continuously 
orbit equivalent but not conjugate. This ensures that the comparison between continuous orbit 
equivalence and conjugacy is really interesting. A first class of examples is given by products 
of odometer actions. A second family of examples is constructed from boundary actions of 
non-abelian free groups and odometer actions, inspired by [25] . 

Secondly, we prove positive results in continuous orbit equivalence rigidity. 

Theorem 1.3. Let G be a torsion-free group, and let H be a finitely generated nilpotent group 
which is not virtually infinite cyclic. Assume that G rx X is a topologically free system on a 
compact space X such that G rx X is almost ZG-projective. Furthermore, let H rx Y be a 
topologically free system. If G rx X and H rx Y are continuously orbit equivalent, then they 
must be conjugate. 

Theorem 1.4. Let G be a duality group in the sense of [2J Chapter VIII, § 10] which is 
not infinite cyclic, and let H be a finitely generated solvable group. Assume that G rx X is 
a topologically free system on a compact space X such that G rx X is almost ZG-projective. 
Furthermore, let H rxY be a topologically free system. If G rx X and H rxY are continuously 
orbit equivalent, then they must be conjugate. 


Here, we say that G rx X is almost ZG-projective if C(X, Z) = Z © P as ZG-modules, where 
the copy of Z is given by the constant functions on X and P is a projective ZG-module. 
For instance, as we will see, the Bernoulli action G rx X{f is almost ZG-projective for every 
compact space X 0 and every torsion-free group G. Also, for a torsion-free group, a subshift 
of the full shift over a finite alphabet whose forbidden words avoid a fixed letter is almost 
ZG-projective. These systems are actually even almost ZG-free, in the sense that P can be 
chosen to be ZG-free. This leads to the following immediate consequence: 

Corollary 1.5. Let G rx X be a topological Bernoulli action with compact base or a subshift 
of the full shift over a finite alphabet whose forbidden words avoid a fixed letter. Moreover, let 
H rx Y be a topologically free system. Assume that G is a torsion-free group and that H is 
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a finitely generated nilpotent group which is not virtually infinite cyclic, or that G is a duality 
group which is not infinite cyclic and that H is a finitely generated solvable group. If G rx X 
and H rxY are continuously orbit equivalent, then they must be conjugate. 


In view of these results, an interesting and natural task is to find more examples of topological 
dynamical systems which are almost ZG-projective. Apart from Bernoulli actions and subshifts, 
it turns out that Denjoy homeomorphisms, restricted to their unique minimal closed invariant 
subspaces, give rise to Cantor minimal systems which are almost ZG-free (where G = 71). 

Theorem 11.31 and Theorem 11.41 are our main results. Their proofs consist of three main ingre¬ 
dients. Each of them is interesting in its own right. 

The first ingredient establishes a link between continuous cocycle rigidity and continuous orbit 
equivalence rigidity. Let G rx X be a topological dynamical system, and let II be a group. 
A continuous function a : G x X —> H is called a continuous H- cocycle for G rx A" if 
a(gig 2 ,x) = a(gi, g 2 .x)a(g 2 , x) for all gi,g 2 G G and x G X. In particular, we can view 
any group homomorphism p : G ^ H as a cocycle given by (g,x) H > p(g ). Continuous 
cocycles a and a' are called cohomologous if there exists a continuous map u : X —>■ H such 
that a(g,x ) = u(g.x)a f (g, x)u(x)~ 1 . We say that G rx X is continuous //-cocycle rigid if every 
continuous //-cocycle for G rx X is cohomologous to some group homomorphism p : G —>■ H. 

In general, it is not clear how continuous cocycle rigidity is related to continuous orbit equiva¬ 
lence rigidity. However, we have 

Theorem 1.6. Let G be a torsion-free amenable group. Assume that G rx X and H rxY are 
topologically free systems on compact spaces X and Y, and suppose that G rx X and H rxY 
are continuously orbit equivalent. If G rx X is continuous H-cocycle rigid, then G rx X and 
H rx Y must be conjugate. 


The second ingredient establishes continuous cocycle rigidity for certain actions and certain 
groups. 

Theorem 1.7. Let G be a duality group in the sense of [21 Chapter VIII, § 10] with cd(G) 1, 

let X be a compact space, and suppose that G rx X is a topological dynamical system which is 
almost ZG -projective. Then G rx X is continuous H-cocycle rigid for every solvable group H. 


The third and final ingredient builds a bridge between continuous orbit equivalence and the 
notion of quasi-isometry or rather topological couplings. Inspiration comes from jTJ [231 2jJ|. 
Given groups G and H, a topological coupling G rx 12 vx H for G and H is a locally compact 
Hausdorff space 12 with a left G-action commuting with a right //-action such that both actions 
admit compact open fundamental domains. A topological coupling G rx 12 ~r\ H is called 
topologically free if the corresponding G x //-action is topologically free. 

A continuous orbit couple for G and H consists of topological dynamical systems G rx X, 
H rx Y on compact spaces A", Y, continuous maps p : X —>■ Y, q : Y —>• X, a : G x X —> H, 
b : HxY —¥ G, g : X —$■ G and h : Y —$■ H such that p(g.x ) = a(g, x).p(x), qifi.y) = b(h, y).q(y), 
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qp(x) = g(x).x and pq(y ) = h(y).y. We call a continuous orbit couple for G and H topologically 
free if G rx X and H rxY are topologically free. If G rx X and H rxY are continuously orbit 
equivalent via (p : X = Y, then we obtain a continuous orbit couple for G and H by setting 
p = p and q = ip~ l . 

Theorem 1.8. Let G and H be groups. Then there exists a one-to-one correspondence be¬ 
tween (isomorphism classes of) topologically free continuous orbit couples for G and H and 
(isomorphism classes of) topologically free topological couplings for G and H. 


In particular, if topological dynamical systems G rx X , H rx Y on compact spaces X, Y are 
continuously orbit equivalent, and if one of the groups (G or H) is finitely generated, then G 
and H must be quasi-isometric. 

In § El we introduce the notion of continuous orbit equivalence, make some general observations 
and prove Theorem 11.21 Moreover, we discuss known examples for continuous orbit equivalence 
rigidity and construct counterexamples for which continuous orbit equivalence does not imply 
conjugacy in § El In § ® we introduce the notion of continuous cocycle rigidity, study the 
connection to continuous orbit equivalence rigidity, and prove Theorem 11.61 In the following 
section (§ EJ) , we show that Bernoulli actions, certain subshifts as well as Cantor minimal 
systems arising from Denjoy homeomorphisms are almost ZG-free, study continuous cocycle 
rigidity using non-abelian group cohomology and prove Theorem 11.71 Thereafter, we introduce 
the notions of topological couplings and continuous orbit couples, establish the connection 
between them, and prove Theorem II.81 Finally, in §[71 we prove Theorem II.31 and Theorem 11.41 

I would like to thank David Kerr for inspiring discussions about continuous orbit equivalence. 


2. Continuous orbit equivalence, transformation groupoids and Cartan pairs 

All our groups are discrete and countable, and all our topological spaces are locally compact and 
Hausdorff. By a topological dynamical system, we mean an action of a group on a topological 
space by homeomorphisms. In this section, all our topological spaces are second countable. 

Let G rx X be a topological dynamical system. The G-action is denoted by G x X —y 
X, (g, x) i —y g.x. For x E X, let G x = {g E G: g.x = x} be its stabilizer group. The trans¬ 
formation groupoid G x X attached to G rx X is given by the set G x X with multiplication 
(g',x')(g,x) = (g'g,x) if x 1 = g.x, inversion ( g , x)” 1 = ( g~ l ,g.x ), range map r(g,x) = g.x 
and source map s(g,x ) = x. Obviously, G x X is etale. The reduced groupoid C*-algebra 
G*(G ix X) is canonically isomorphic to Cq(X) xi r G. Moreover, we have a canonical embedding 
C Q {X) -a C 0 {X) G. 

Definition 2.1. G rx X is called topologically free if for every e ^ g E G, {x E X: g.x ^ x } 
is dense in X. 
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From now on, for the sake of brevity, we write “topologically free system” for “topologically 
free topological dynamical system”. 

Lemma 2.2. G rx X is topologically free if and only if {a; G X: G x = {e}} is dense in X. 

Proof. “-<=” is clear. For note that by topological freeness, {i 6 I: g.x ^ x} is dense 

(and open) in X for all e j- g € G. Thus, by the Baire category theorem, 

{x G X: G x = {e}} = f^| {x G A": g.x ^ x} 

e^g&G 

must be dense in X. □ 

Corollary 2.3. G rx X is topologically free if and only if the transformation groupoid G x X 
is topologically principal. 


Proof. By definition (see [H]), G x X is topologically principal if and only if the set of points 
in X with trivial isotropy is dense in X. But this set coincides with {x G X: G x = {e}}. Thus 
Lemma [2.21 implies our corollary. □ 

Remark 2.4. Corollary 12.31 shows that if G rx X is topologically free, then the pair (Co(A) xi r 
G, C 0 (X)) is a Cartan pair in the sense of [T3J Definition 5.1]. 


Recall the following definition from the introduction: 

Definition 2.5. Topological dynamical systems G rx X and H rx Y are continuously orbit 
equivalent (we write G rx X ~ coe H rx Y) if there exists a homeomorphism : X —Y 
with inverse if = ip~ l : Y —> X and continuous maps a:GxX^H,b:HxY—^G such 
that 

(1) <p(g-x) = a(g,x).(p(x) 

(2) if{h.y) = b(h,y).ip(y ) 
for all g G G, x G X , h G H and y EY. 

Remark 2.6. (P implies ip{G.x ) C H.ip(x) for all x G X, and (J2]) implies ip(H.y) C G.ijj(y) 
for all y G Y. Thus, ip(G.x) = H.<p(x) and ^( H.y ) = G.'if(y). 

Remark 2.7. If H rx Y is topologically free, then a is uniquely determined by fill) , and by 
symmetry, if G rx X is topologically free, then b is uniquely determined by (121) . The reason is as 
follows: Suppose that a’ : G x X — * H is another continuous map with <p(g.x) = a'(g,x).<p(x). 
For arbitrary g G G and x G X, there exists an open neighbourhood U of x such that a 
and a' are constant on {g} x U, with values h and h' in H, say. Then for every x G U, 
<p(g.x) = h.ip(x ) = h'.<p(x). Topological freeness implies h = h', in particular a(g,x) = a'(g,x). 

Lemma 2.8. In Definition ] 2.51 if H rxY is topologically free, then 

a{gi 92 ,x) = a(g 1 ,g 2 .x)a(g 2 ,x) 


for all gi, g 2 G G and x G X. 
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Proof. Let g i, <72 G G and a; £ I be arbitrary. Choose an open neighbourhood U of x G X 
such that a(gig 2 ,x ) = a(g 1 g 2 ,x), a(gi,g 2 .x) = a(gi,g 2 .x) and a(g 2 ,x) = a(g 2 ,x) for all x G U. 
Then for all x G U, <p(gig 2 .x) = p(g 1 .(g 2 .x)) = a(g u g 2 .x).ip(g 2 .x) = a(g 1 , g 2 .x)a(g 2 , x).ip(x) = 
a(gi,g 2 .x)a(g 2 ,x).<p(x), but also <p(gig 2 .x) = a(gig 2 ,x).(p(x) = a(gig 2 ,x).ip(x). By topological 
freeness, a(g 1 g 2 ,x) = a{g 1 ,g 2 .x)a(g 2 ,x). □ 

Lemma 2.9. In the situation of Definition 12.51 let Yf = {y G Y: H y = {e}}. For every x G 
ip(Yf), a x : G —* H, g ha a(g,x ) is bijective. 

Proof. Since <p(x) G Yf, a x is injective. To prove surjectivity, take h G H. Since by Remark 12.61 
c p(G.x ) = H.cp(x), there exists g G G with h.(p(x) = <p(g.x) = a(g,x).<p(x). As <p(x) G Yf, we 
conclude that h = a(g,x ) = a x (g). □ 

Lemma 2.10. In the situation of Definition 12.51 assume that G rx X and H rxY are topo¬ 
logically free. Then 

(3) b(a(g, x), <p(x)) = g for all g G G, x G X, 

and b is uniquely determined by (J3J). 

Proof. Let h := a(g,x). Then y(g.x) = h.(p(x), so g.x = i(;(h.(p(x)) = b(h,(p(x)).x. Since this 
equation holds in an open neighbourhood of x, topological freeness implies b(a(g, x), <p(x)) = g. 
Moreover, note that for all x G tf{Yf), a x (G) = H by Lemma [2.91 Hence (J3J) determines b on 
H x Yf. But since Yf is dense in Y by topological freeness, and because b is continuous, (151) 
determines b on H x Y. □ 

Corollary 2.11. In the situation of Definition I A 51 assume that G rx X and H rx Y are 
topologically free. Let Xf = {iG X : G x = {e}} and Yf = {y G Y: H y = {e}}. Then <p(Xf) = 
Yf. In particular, for every x G X with G x = {e}, a x : G —>■ H, g h-)■ a(g,x ) is bijective. 

Proof. By symmetry, we just have to show ip{X j) C Yf. Take x G Xf, and let y = (p(x). 
Suppose that h G H satisfies h.y = y. Then x = if(y) = f’(h.y) = b{h, y).ilj(y) = b{h,y).x, and 
therefore b(h,y ) = e since x G Xf. But by the analogue of (J3]) with reversed roles for a and b, 
we get e = a(e,x) = a(b(h,y),x) = h. Hence y G Yf. □ 

We are now ready for the proof of Theorem 11.21 

Theorem (Theorem 1 1.2p . Let G rx X and H rxY be topologically free systems. The following 
are equivalent: 

(i) G rx X ~ coe H rx Y; 

(ii) G x X = H x Y (as topological groupoids); 

(iii) there is a C*-isomorphism $ : Cq(X) x r G —W Cq{Y) x r H with <f>(Co(W)) = Cq(Y). 


Proof, (i) =>■ (ii): Assume that G rx X ~ coe H rx Y, and let ip, if, a and b be as in 
Definition 12.51 Then G x X H x Y, (g,x) ha (a(g,x),tp(x)) and H x T —> G x X, (h, y) 1 —y 
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( b(h,y),'i/j(y )) are certainly continuous groupoid morphisms, and they are inverse to each other 
due to © and the analogue of (ED with reversed roles for a and b. 

(ii) =» (i): Let y : G ix X H ix Y be an isomorphism of topological groupoids. Set 

ip = x\x ■ -A —> Y and let a be the composition G tx X —> H ix Y —> H, where the 
second map is H K Y —> H,(h,y) H > h. Then a is obviously continuous, and <p(g.x) = 

y(r(g,x)) = r(x(g,x)) — r ( a (g, x ), < p( x )) — a {9i x).ip(x). Similarly, for = ip -1 , if we let b be 

fi-i 

the composition H k Y — > G tx X —» G, where the second map is G ix X -> G, ^ 9i 
then ^(h.i/) = b(h,y).i>(y). 

(ii) (iii) is [191 Proposition 4.13], where we have to use Corollary 12.31 □ 

3. Continuous orbit equivalence rigidity: Examples and counterexamples 
L et us compare continuous orbit equivalence with conjugacy. 

Definition 3.1. Topological dynamical systems G rx X and H rxY are conjugate (we write 
G rx X ~ con j H rxY) if there is a homeomorphism ip : X Y and a group isomorphism 
p : G —H such that for every g 6 G and x G X, ip(g.x) = p(g).ip(x). 

Obviously, G rx X ~ C onj H rxY implies G rx X ~ coe H rxY. Are there classes of dynamical 
systems where we can reverse this implication, i.e., where continuous orbit equivalence implies 
conjugacy? 

Here is a first class of examples, for which continuous orbit equivalence rigidity holds because of 
a trivial reason: Suppose that G rv X is a topologically free system on a connected space X. If 
G rx X ~ coe H rxY for some topologically free system H rxY, then G rx X ~ C onj H rxY. 
The reason is that the function a in Definition [2]5] is continuous, hence for every g G G, a|{ 5 } x x 
is constant because X is connected and H is discrete. Hence a(g,x ) = p(g) for some map 
p : G —)■ H, and p has to be a homomorphism (by Lemma 12.81) and bijective (by Lenimma 12.91) . 

This observation means that if we focus on discrete groups, it is natural to restrict our discussion 
to topological dynamical systems on totally disconnected spaces. 

Here is a first result in continuous orbit equivalence rigidity: 

Theorem 3.2 ( [Tj, Theorem 3.2]). Let Z rx X and Z rx Y be topologically free systems on 
compact spaces X and Y . Assume that Z rx X is topologically transitive. 

If Z rx X ~ coe Z rxY , then Z rx X ~ con j Z rxY. 

In this theorem, while the groups are fixed, the assumptions on the actions are very mild. 
Therefore, an immediate question is whether there are counterexamples to continuous orbit 
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equivalence rigidity at all, i.e., examples of topological dynamical systems which are continu¬ 
ously orbit equivalent but not conjugate. 


3.1. Products of odometer transformations. Let M = Y\ p p Vp be a supernatural number. 
Here, the product is taken over all primes, v p G {0,1,2,...} U {oo}, and J2 p v p = oo. The 
odometer action Zr\Z/M corresponding to M is constructed as follows: 

Choose a sequence ( mk)k of natural numbers such that, for all primes p, v p (rrik) v p for 
k —> oo. Then set Z/M = hm fc Z fm^. The canonical projections Z -» Z /rrik induce a group 
embedding Z Z/M, and this in turn yields an action Z rx Z/M which we call the odometer 
transformation for M. 

Theorem 3.3. For supernatural numbers M 1; ..., M r and A/, ..., N s , the following are equiv¬ 
alent: 


(i) Z r rv {{{-I Z/Mj ~ coe Z s rv {] ]=i Z/A^; 

(ii) CoOIUZ/Mj) xZ r = C 0 (n;=iZ/Afj) x Z s ; 

(hi) (K^CoiUUyMi) x Z r ), [l]o) = (K.(C 0 ( n;=iZ/^-) x Z a ), [1] 0 ); 

(iv) r = s, there exists a G S',., natural numbers m\, ..., m r and n\,... ,n r such that for all 
1 < i < r, miMi = n^N^, and {{Li M i = IT/=i 


Proof, (i) =>■ (ii) follows from Theorem 11.21 as our systems are free. 

(ii) =>■ (iii) is clear. 

(iii) =>■ (iv): Ah stands for K 0 © K\. Clearly, (Lf 0 (C'(Z/M) x Z), [1] 0 ) = (Z[M^ 1 ],!) and 
K\(C(fL/M) x Z) = Z. Here ZfM” 1 ] = G Q: m | M}. So AT^C'dlU Z/M;) x Z r ) = 
0/c{i,...,r}Z[(rii e /^) _1 ] and [!]o corresponds to 1 G Z[(I/[- = i M *) _1 ] ( J = {i, — ,t-}). 

Therefore, Q 2 " ^ K*{C{\f i=1 Z/M;) xZ r )®Q = Z/A^) xZ s )®Q = Q 2 *, and this 

implies r = s. Moreover, as a A*-isomorphism preserves [l]o, it restricts to an isomorphism 
ZmUMi)- 1 ] — ZHUU^)- 1 ] sendin § 1 to !• Tllis implies = IYj=i N j- 

Given supernatural numbers M and N, we define M < AT if there exists n G N with M | 
nN ( v p (M ) < v p {nN)). We define M ~ A/” if M < A r and N < M. It is immedi¬ 
ate that there exists a non-zero homomorphism ZfM" 1 ] —y Z[A^ _1 ] if and only if M < A/”. 
Set Ad = {M*: 1 < i < r}, f\M = Ul iG r Mp I C {1,..., r}} and JV = { Nj: 1 < j < r}, 

/\J\f = {UjejNp J C {l,...,r}|. Using the assumption that ® /g{1 r} Z[(n , G 7 — 

0jc{i r } Zfdljej AT,-) _1 ], a straightforward inductive argument shows that for every equiva¬ 
lence class S of supernatural numbers with respect to ~, |<S fl /\ Ad | = |«S D /\A/”|, and then 
also |«s n Ad| = |«s n Af\. 
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(iv) =>■ (i): We need the following observation: Let l be a natural number and A/ : Z/Z rx T,/l 
the canonical action. Let L be a supernatural number, X = Z /IL, X — l ■ (Z /IL), an : Z rx X 
the odometer transformation for IL, and a = cc|i,z : ZZ rx X. We claim that 

(4) a iL ~ coe A i Kl an ~ CO nj A; M a L . 

Kl stand for the product action. Let us prove (J3J. Define ip : X — |_!i=o k+X —* Z /IxX, k+x H y 
([k],x). It is easy to see that the inverse of if is given by ^ : Z/Z x X —> X, ([k], x) H> k + x for 
0 < k < l — 1. Moreover, define a : Zxl = Uj=o(i + ^) x Ufc=o(^ + ^) x ® by setting 

a(j + h, k + x) = ([j],h) if j + k < l — 1 and a(j + h,k + x) = ([j],k +1) if / < j + k. Also, 
define b : (Z/Z x ZZ) x (Z/Z x I) 4 Z by setting 6(([j], h), ([&], x)) — j + h if j + k < l — 1 and 
b (([j], h )A[k],x)) = j + h-l if/ < j + k, where 0 < j, k < l — 1. Then it is easy to check that if, 
a, if and b satisfy © and (J2J), so that an ~ CO e A; M an- Furthermore, A; IEI an ~ C onj A/IEIccl 
is easy to see. This proves (J4j). 


Now we can complete the proof for (iv) =>- (i). Without loss of generality we may assume that 
a = id, i.e., mjMj = nAi for all 1 < % < r. Without loss of generality, we may further assume 
gcd(mj,7ii) = 1. Then we can write M; = rijLj and N t = rriiLi for some supernatural number 
Li. Set L = \Y i=1 Li, and choose natural numbers m and n with gcd (m,L) = 1 = gcd (n, L) 

such that n [=i M i = (K=inm:=i L i) = nL and u r j=i N i = (n5=i m t)(n5=i L t) = mL - 

n;=i = n;=i Nj implies that m = n. Therefore, we get 

m =1 a Mi — ^i=l a niLi ~coe ^i=l(A nj ^1 OlJ S coe a n L x Kl Qi 2 Kl . . . Kl aL r 

= Ot-mL 1 ® OlL 2 Kl • • • Kl a Lr 9 coe W j=1 a Nj . 


□ 


In contrast, for conjugacy, we get 

Theorem 3.4. Let I and J be finite sets. For supernatural numbers {Mi} ieI and {Nj}j eJ , 
7L 1 rx Y\ i&I 'L/Mi ~ cory - Z J rx Y\. &j 7j/N j if and only if there exists a finite set K, supernatural 
numbers {L k } k&K such that 

• I = UfcgX' Ik> J = U/tGA' Jk> 

• \I k \ = \ Jk\ for all k G K , 

• for every k G K, every i G h and j G Jk, we can write Mi = m,iL k and Nj = UjL k 
for some (uniquely determined) mi,nj G N with gcd (mi,L k ) = 1 = gcd {jij,L k ), and we 
have Uiei k Z / m * ~ IW* Z / n i- 


Proof. “=^”: Assume that p : 1/ = Z J is a group isomorphism and if : n ig/ Z/M; = Yijej^/Nj 
such that <f(g.x) = p(g).ip(x). Z 7 = Z J implies that |/| = |J|. Set r = \I\ = \J\. Moreover, we 
may assume 99 ( 0 ) = 0 (otherwise go over to if — if( 0)). Let p be multiplication with S G GL r (Z). 
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It is straightforward to check that if Sjj ^ 0, then Nj < Mj. So there exist a hnite set K and 
decompositions / = \_\ keK Ik, J = LLex ^ with \I k \ = \ J k \ for all k G K such that for every 
( i,j) e I k x J k , Mi ~ Nj. 


Fix k G K. Find a supernatural number L k such that for every i G I k , j G J kl there are G N, 
Uj G N with gcd(mj,Lfc) = 1 = gcd(nj, L^) such that Mi = rriiL k and Nj = rijL k . Then p 
restricts to an isomorphism of topological abelian groups 

p k : in z m) x (ii- n w n z / Ar i - (ii z /%) x (ii z / Lfc )- 

iG/fc j^Jk j^Jk j^Jk 

Let l G N satisfy n j I ^ and gcd(^ L) = 1. Certainly, <p fc (w;,0) is of the form (z, 0) 

as for all i G I k , there exists no non-zero homomorphism 7/mi —>- Z /L k . Also, pk(0,y) is 
of the form p k {0,l • y) — l • <pfc(0,i/), hence of the form (0 ,t) as for all j G J kl l = 0 in 

7/rij. Hence p k = <f> t x c/l for some group isomorphisms (j) t : n*e/ fc ——* Iljej fe and 

0L ■ U ie i k ^/Lk > rijGj fe ^/Lk- 


“■<=”: Without loss of generality we may assume \K\ = 1. Let K = {/c}, / = I k , J = J k , 
|/| = | J\ = r. We may assume that / = J = {1 ,,r}. Let L = L k be a supernatural number 
such that for every 1 < i,j < r, Mi = rriiL and Nj = rtjL for some (unique) rrii,nj G N 
with gcd(mj,L) = 1 = gcd(n.,-,L), and such that ni=i^/ m * — YYj=i'^ J / n j- By the theory of 


elementary divisors, there are S,T G GL r ( Z) such that S 

' mi 0 \ \ / 7l\ 0 


/ mi 

0 N 

)t= ( 

V o 

m r / 



. Thus 


S 


Z r = 


Z r . So the same matrix S induces two group isomorphisms 


p : 7 r —> 7 r , g hg Sg and (f) t : n[=i^/ m * — 77 


m i 


17 = 77 


ni 


7 r = 


ni=; ^/ n i as as an isomorphism of topological groups 4>l ■ (7/L) r = (Z /L) r . Let p be 
the isomorphism 


~[Z/Mi = H(Z /rrii x 7/L) = (JJZ/m/) x (Z /L) r 

2=1 2=1 2=1 

r r r 

4>oNl (Y[7/rij) x (Z /L) r = ]J(Z/rij x 7/L) = \\Z/Nj. 
j =i j i j- •• i 

Then <p| Z r = p, and so p(g.x) = p(g).p(x) for all p G 7 r and t G K[J =1 Z/Mj. This means that 
Z rv Jljgj 7/Mi ~conj Z J rxY\j£jZ/Nj. □ 


Comparing Theorem 13.31 and Theorem 13.41 we can easily construct products of odometers which 
are continuously orbit equivalent but not conjugate. 

Example 3.5. Let r > 2. Let p and q be primes, p ^ q, and let n G N with n > 1 and 
gcd(p, n) = 1 = gcd (q,n). If we set Mi = n ■ p°°, M 2 = q°°, M 3 = ... = M s = p°° and 
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N\ = p°° , N 2 = n • g°°, N 3 = ... = N s = p°°, then Z r rv Yl'. =1 Z/Mi ~ coe Z r rv J]j=i %/ N j 
but Z r rx n:=i z / M i P* conj ZJ rv {]’= i 'Z/N j . 


3.2. Actions of non-abelian free groups. Let us construct actions of the free group F r 
(r > 2) on the Cantor set, which are continuously orbit equivalent but not conjugate. Let 
di,..., a r be generators of F r . Let (3 : F r rx <9F r be the Fraction on the Gromov boundary of 
F r , and set fa := f3 ai . For a supernatural number M, let : Z rx Z/M be the corresponding 
odometer transformation. For supernatural numbers Mi, M 2 , N\ and N 2 , define actions 7 : 
F r rv <9F r x (Z/Mi) x (Z/M 2 ) and 5 : F r rv <9F r x (Z/Nfa x (Z/N 2 ) by setting 71 := faxaM x xid, 
72 := fa x id x aM 2 -> 7 i '■= fa x id x id for all i > 3, 7 ai = 7 ; for all 1 < i < r, and similarly 
Si := fa x a tv 1 x id, S 2 : = fa x id x ajy 2 , Si := fa x id x id for all i > 3, S ai = S t for all 1 < i < r. 

Theorem 3.6. Let p and q be primes, p fa q, and let n G N with n > 1 and gcd (p,n) = 1 = 
gcd(g,n). If we set Mi = n ■ p°°, M 2 = q°° and N x = p°°, N 2 = n ■ q°°, then 7 ~ coe S but 
7 Mconj 


For the proof, we need some preparation. Let X be a totally disconnected compact space. In our 
application, X will be the Cantor space. Let C°°(X, C) = C(A", Z) < 8 > C. Obviously, we have an 

isomorphism C°°(X, C) -=->■ j X —C continuous: f(X) C C finite|, f ® z f ■ z. Here (/ • 

z)(x) = f(x)z. In the following, we view elements in C°°(X, C) as C-valued continuous functions 
on X via this explicit, isomorphism. Let <f : X —y X be a homeomorphism, and denote the 
induced automorphism of C(X) by </> again. Obviously, faC°°{X, C)) C C°°(X,C). We define 
E(<f>) := {z G T: </>(/) = zf for some 0^/6 C°°(X, C)}. Now let gi,..., g r be generators of 
F r , and let g = gi- Let Y be a totally disconnected compact space and let a : Y = Y be a 
homeomorphism. 

Proposition 3.7. For f> = fa x a, we have E$ = E a . 


Proof. We think of elements in d¥ r as infinite reduced words in g ±l = ..., gf 1 . Let 

W be the set of finite reduced words in gf 1 , gfa 1 ,..., gf 1 which do not end on gfa nor on 
g/. For w G W, let C w be the subspace of d¥ r consisting of those infinite reduced words 
which start with w. Note that the empty word 0 lies in W, and that Cq = d¥ r . Clearly, 
{1 c w - wGlLjisa Z-basis for C(< 9F.,.,Z). Take a family C of compact open subsets of Y such 
that {lc: C G C} is a Z-basis for C(Y,Z). Then {1 c w ® 1 c : w G W, C G C} is a Z-basis for 
C(d F r x Y, Z) = C{d F r , Z) ® C{Y, Z). 

Let z G E$, and let / = JA (A* G C\{ 0 }) be a non-zero element in C(d F r xL, C) = 

C(d F r ,Z) <8) C(Y,Z) <S> C with </>(/) = zf. Then Yjfac Wi ® (1 ® zfa) = zf = faf) = 

<8> Aj) = <8) fj for some 0 7- /j G C(T, Z) <8>C, where are chosen 

so that lftycyj G Z-span({u;j} j .) for all L It follows that ■ D Wi fa 

if (yf” 1 G {wfa i and = {wfa.- 5 {gwp. Wi fa g~ 1 } if g~ l ^ Here we use that 

fa{C Wi ) = C gWi fa C Wi if Wi fa g- 1 and fa{C g - 1) = <9F. r \ C g . 


CONTINUOUS ORBIT EQUIVALENCE RIGIDITY 
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We claim that it already follows that {w i } i = {<9F r }: If there is w G {wy} i not starting with g _1 , 
then g n w G {wy} for all m G N which is impossible since {u>i} i is Hnite. If there is w G {wy}^ 
of the form g~ m v where v 7 ^ 0 is a Hnite reduced word not starting with g =tl , then v G 
contradicting our first observation. If there is g~ m G {uy},. for some m > 1, then g~ 1 G {wy}^, 
hence g G {wi} i . This again contradicts our first observation. Therefore, the only possibility is 
{w i } i = {<9F r }. 

Hence / = 1(8)/ for some / G C(Y,Z)®C. So 1 ®zf = zf = </>(/) = 1 ®a(f). Hence it follows 
that zf = «(/). This shows that z G E a . Since z G was arbitrary, we obtain E 0 C E a . The 
reverse inclusion is obvious. □ 


We are now ready for the 


Proof of Theorem \3. 61 By [23 Theorem 5.10 and Proposition 5.2], 7 ~ coe 5. So we just have 

to show yp^conj <5- Assume that there exists a homeomorphism cp : d¥ r x (fL/Mf) x (Z/M 2 ) — —>■ 
9F r x (fL/Nf) x (Z/A r 2 ) and a group isomorphism p : F r = F r such that 1 / 307 ,, = o for 
all a G F r . Let a := d\ and g := p(af). Then in particular, Lp o = S g o 99 , so that 7 a and 
are conjugate, and hence E(j a ) = E(5 g ). 

By construction, there are k,l G Z with 5 g = (3 g x a k Nl x a] V2 , where W = p°° and N 2 = n - q°°. 
Proposition 13.71 yields E(S g ) = E(a k Nl x a l N ). For a supernatural number M, let T(M) = 
Z[M~ l \/Z C Q/Z C M/Z = T. If l = 0, then E(6 g ) = E(a k Nl x id) = E(a k Nl ) = E(a k pao ) 
is equal to {1} or T(p°°). If l ^ 0, then T(g°°) = E(a l q00 ) C E(a l n , q00 ) C E(a k 00 x a l n . q00 ) = 
E(a k Nl x = E(5 S ). However, P^( 7 a ) = E(a Ml x id) = E(a n . p°° ) = T(n • p°°) is not equal to 
{1} nor T (p°°) and does not contain T (q°°). Hence E( y a ) 7 ^ E(S g ). This is a contradiction. □ 


4. From continuous cocycle rigidity to continuous orbit equivalence rigidity 

We introduce the notion of continuous cocyclc rigidity. Let G rx X be a topological dynamical 
system and let H be a group. 

Definition 4.1. A continuous H-cocycle for G rx X is a continuous map a : G x X —>■ E[ 
such that a(gig 2 ,x) = a(gi, g 2 .x)a(g 2 , x) for all gi,g 2 G G, x G X. 


In other words, a: G x X —> Ef is & groupoid homomorphism, where we view G x X as a 
groupoid by identifying it with the transformation groupoid G x X attached to G rx X, and 
view H as the groupoid whose unit space is a point. 

Definition 4.2. Continuous H-cocycles a and a' for G rx X are continuously cohomologous 
(a ~ a') if there exists a continuous map u : X —?• H such that a(g,x) = u(g.x)a'(g, x)u(x)~ 1 
for all g G G and x G X . 
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Definition 4.3. G rx X is continuous H-cocycle rigid if for every continuous H-cocycle a for 
G rx X, there exists a group homomorphism p : G —>• H such that a ~ p. 


Here we view p as the cocycle G x X —>■ H, (g, x) H > p(g). 

The following observation provides a first link between continuous cocycle rigidity and contin¬ 
uous orbit equivalence rigidity. 

Proposition 4.4. Let G rx X and H rx Y be topologically free systems. Assume that G rx 
X ~ coe H rxY , and let p>, if, a and b be as in Definition Id. ,51 If there exists a continuous 
map u : X —> H and a group isomorphism p : G —$■ H such that a(g, x ) = u(g.x)p(g)u(x)~ 1 for 
all g e G, x G X, then u (p : X —y Y, x (->■ u(x)~ 1 .ip(x) and p give rise to a conjugacy between 
G rx X and H rx Y. 


Proof. u ip is obviously continuous, and an easy computation shows that u <p(g.x ) = p(g). u ip(x) 
for all g G G, x G X. It remains to show that u p> is a homeomorphism. 


Let a = p 1 , define v : Y G, y (->• {a{u{^{y)))) 1 and b : H x Y —>■ G, (h,y) h ->■ 
v{h.y)a{h)v(y)~ l . Since 

b(a(g , x), (p(x)) = v(a(g , x).(p(x))a(a(g, x))n(^(x ))^ 1 = v(<p(g.x))a(a(g, x))n(^(a :)) _1 
= cr(M(5f.x)) _ 1 a-(a(5f, x))a(u(x)) = <T(u(^.x)) - 1 a(p, x)u{x)) = a (p(g)) = g, 


Lemma [2.101 implies that b = b. Set v ip : Y —> X, y i->- v(y) 1 if(y). v'f’ is obviously continuous, 
and an easy computation shows that v if{h.y) = p{h) . v if{y) for all h 6 H , y eh. Moreover, 


v1>(u<p(x)) 
and u <p( v il>{y)) 


v fj(u(x) l .(p(x )) = a{u(x) ^.^(tpix)) 
a(u(x))~ 1 v(ip(x))^ 1 .x = a(u(x))~ 1 a(u(x)).x = x, 
uP(v{y)~ 1 .^(y)) = p(v(y)~ 1 ) u g}{ilj(y)) 
p{v(y))~ l u{{'if(y))~ 1 .y = u('if{y))u(('if(y))~ 1 .y = y. 


Thus u p is a homeomorphism, with inverse and the proof is complete. 


□ 


Continuous cocycle rigidity means that every cocycle, whether or not if comes from a continuous 
orbit equivalence, is continuously cohomologous to a group homomorphism. At the same time, 
the preceding proposition shows that for continuous orbit equivalence rigidity, cocycles are 
required to be continuously cohomologous to group isomorphisms. Therefore, there does not 
seem to be any obvious connection between continuous cocycle rigidity and continuous orbit 
equivalence rigidity. However, we have the following 

Theorem 4.5. Suppose that G is amenable and torsion-free. Let G rx X and H rx Y be 
topologically free systems on compact spaces X and Y. Assume that G rx X ~ coe H rx Y, 
and let a : G x X —» H be as in Definition 12.51 If a ~ p for some group homomorphism 
p : G H, then p must be an isomorphism. 
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Proof. Let u : X —> H be continuous such that a(g,x ) = u(g.x)p(g)u(x)~ 1 for all g G G, 
x G X. Take x G A 7 " with G x = {e}. Then by Lemma f2. 11 1 a x : G —$■ H, g a(g,x ) is 
bijective. Let u x : G —>• H, g ha u(g.x). Then a x (g) = w s (< 7 )p(< 7 )w x (e) _1 . w is continuous and 
X is compact, hence u(X) C H is finite. In particular, u x (G) is finite. Therefore, for every 
g G ker(p), a x (g) G M x (G)M x (e) _1 . It follows that a x (ker(p)) is finite. Since a x is injective, 
ker (p) is hnite. But G is torsion-free. This implies ker (p) = {e}, so that p is injective. 

It remains to prove surjectivity. Since a x is surjective, we have H = u(X) p(G)u(x )~ 1 = 
u(X)p(G). Thus, [H : p(G)] < oo. In particular, H is also amenable. Without loss of 
generality, we may assume u x (e) = u(x) = e. Otherwise, replace p by u(x)pu(x )~ 1 and u x by 
Ux-u^x)- 1 . Suppose that p{G) C H. Let R be a complete system of left coset representatives of 
p{G) in H. Since H is amenable, there exists a hnite subset F of H such that \rFAF\ < | |F| 
for all r G R. and |sFAF| < |F| for all s G u(X). 

Assume that |F D p(G)\ > | |F|. By assumption (p(G) C H), there exists r G R with rp(G) fl 
p(G) = 0. So r(F fl p(G)) fl (F fl p(G)) = 0, and we obtain \r(F fl p(G)) fl F\ < | |F|. 
Moreover, \rF \ r(F fl p{G))\ = \F \ (F fl p(G))| < ||F|. Therefore, | |F| < \rF fl F| = 
\(rF \ r(F fl p(G))) U (r(F fl p(G)) fl F)\ < | |F| + | \F\ — | |F|. But this is a contradiction. 
Therefore, we must have |F 0 p(G)| < \F\. 

We certainly have a“ 1 (F) C P _ 1 (Usgm(A') Hence 


x\ = k'(ui< 

P~\ IJ s-‘F) 

< 

p~ l (F U ( |J s~'F)\F) 


sG:u{X) 


sG:u(X) 


< |p-‘T)|+ 5^ < |i^np>(c?)| +1 |iP| < |JT|. 

s£u(X) 

This is a contradiction. We conclude that p(G) = H. □ 


Clearly, Proposition 14.41 and Theorem 14.51 imply 

Theorem (Theorem II. 6 [) . Let G be a torsion-free amenable group. Assume that G rx X and 
H rx Y are topologically free systems on compact spaces X and Y, and suppose that G rx X 
and H rx Y are continuously orbit equivalent. If G rx X is continuous H-cocycle rigid, then 
G rx X and H rxY must be conjugate. 


5. Continuous cocycle rigidity via group cohomology 

The first goal of this section is to rephrase continuous cocycle rigidity in the language of non- 
abclian group cohomology. For the sake of completeness, we briefly recall the definition of 
non-abelian group cohomology ( H 1 ). We refer the reader to [ 2 TI Part Three, Appendix “Non- 
abclian cohomology”] and [22] Chapter I, § 5] for details. 
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Let G be a group acting on a group A by automorphisms, denoted by G x A —> A, (s, a ) i —> s.a. 
A 1 -cocycle of G in A is a map G —> A, s i —> a s such that a st = a s s.a t . We write Z 1 (G,A) 
for the set of all these 1-cocycles. Given 1-cocycles a and a' of G in A, we say that a is 
cohomologous to a' (a ~ a') if there exists b G A with a! s = b~ l a s s.b for all s G G. We define 
H 1 (G, A) := Z 1 (G, A)/ ~. Clearly, H l {G 1 A) is (covariantly) functorial in A. 

Proposition 5.1. Let G rx X be a topological dynamical system on a compact space X. Let 
H be a group. 

G rx X is continuous H-cocycle rigid if and only if the canonical map H —» C(X, H) (the map 
dual to X —y {ptjj induces a surjective map H l {G,H) —> H 1 (G,C(X, H)). 


Note that we equip H with the trivial G-action, and G acts on C(X, H) via ( s.a)(x) = a(s l .x). 

Proof. Just check that c : C(G, C(X, H)) —V C{G x X,H) defined by c(a)(g,x ) = a g (g,x) is 
a bijection, with inverse given by c _ 1 ( 6 ) s (a:) = b(s, s^.x). c identifies Z 1 (G, C(X, H)) with 
the set of continuous H- cocycles for G rx X in the sense of Definition 14.11 In addition, 
a ~ a' if and only if c(a) ~ c(a') in the sense of Definition 14.21 It is then easy to see that 
for a G Z 1 (G, C(X, H)), the class [a] G iL 1 (G, C(X, H)) lies in the image of the canonical 
map iL 1 (G,iL) —>■ H 1 (G,C(X 1 H)) if and only if c(a) ~ p for some group homomorphism 
p: G^H. □ 

Using the language of non-abelian group cohomology, we now prove a positive result in contin¬ 
uous cocycle rigidity. 

Definition 5.2. A topological dynamical system G rx X on a compact space X is called almost 
7LG-projective if C(X,X) = Z©P as 7LG-modules, where the copy ofh is given by the constant 
functions on X and P is a projective ZG-module. 

We call G rx X almost ZG-free if P can be chosen to be ZG-free. 


Clearly, if a system is almost ZG-free, then it is almost ZG-projective. 

Remark 5.3. It is easy to see that G rx X is almost ZG-free if we can find a Z-basis B for 
C(X, Z) with the following properties: 

• B is G-invariant, 

• 1 x £ B, 

• G acts freely on B \ {lx}- 


Topological Bernoulli actions for torsion-free groups turn out to be almost ZG-free. 

Example 5.4. Let G be a torsion-free group and Xo a compact space. Then the Bernoulli 
action G rx X(f is almost ZG-free. Namely, choose a Z-basis Bo for G(Xo,Z) with lx 0 £ Bq. 
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This is always possible, see for instance [3, Proposition 2.12]. Then set 



B is a Z-basis as C(Xg, Z) = \Jfcg finite (®/ e u ® 1 X &V’- Obviously, |i x g| 

Moreover, G acts freely on B \ < 1 x g > as G is torsion-free. 


lies in B. 


Building on the previous example, we now show that for torsion-free groups, subshifts of full 
shifts over finite alphabets whose forbidden words avoid a fixed letter are almost ZG-free. 

Example 5.5. Let G be a torsion-free group, A = {0,..., IV} a finite alphabet and G rx A G 
the full shift. Elements in A G are of the form x = (x 7 ) 76 g, and g E G acts by {g.x) 1 = x g - 1 7 . 
For every G -invariant closed subset X of A G we can find a collection {Fj} ig/ of non-empty finite 
subsets of G and Xi E A Fi , i G I, such that 

X = {x = (x 7 ) 7 G A G \ For every i E I and g G G, ttf^-x) 7 - Xij . 

ffere i rp. is the canonical projection A G -» A Fi . are called the forbidden words for X. 

Now assume that X is a G-invariant closed subset whose forbidden words Xi satisfy Xi G 
{1,..., N}, i.e., all the forbidden words avoid a fixed letter (0 in our case). If that is the case, 
then we claim that G rx X is almost ZG-free. 

ffere is the reason: Obviously, B 0 = {l^, lp},..., 1 {tv)} is a Z-basis for C(A,Z). Given a 
finite subset 0 ^FCG and x — (xf) f e p G {!,..., AT}", let b(F,x) = (g) /eF < 8 ) 1 a g\f. As 

we have seen in Example 15.41 B = {1 A a} U | b(F, x): 0^FCG finite, x G {1,..., j is a 
Z-basis for C(A G , Z). 

Consider the subspace Go(A G \ A", Z) C C(A G , Z) of functions vanishing on X. An element 
z F,xb(F, x) G C(A G , Z) (zf, x S Z) lies in C 0 (A G \X,Z) if and only if for every (F,x) with 
Zf,x 0, there exists i G I and g G G with F* C gF and ttf^-x) = X{. Clearly, if (F, x) satisfies 
this property, then b(F,x ) lies in C 0 (A G \ X,Z). Conversely, suppose that 22 Zp, x b(F, x) lies in 
Co(A G \ X, Z) but there exists (F, x) with zp^ 7 ^ 0 such that for all i E I and g E G, Fi ^ gF 
or 7 Tp (g.x) 7 ^ ay. Among all the (F, x) with this property, choose a pair such that F is minimal. 
Define w E A G by setting tc 7 = x 7 if 7 G F and tu 7 = 0 otherwise. Then w G X, and by our 
choice of w and (F, x), we have b(F,x)(w) = 1 and b(F',x')(w) = 0 for all (F',x') 7 ^ (F, x) 
with zf’.x’ 7 ^ 0. ffence (22 z F, x b(F, x)) (w) = zp~, which contradicts that 22 z F,xb(F, x) vanishes 
on X. This shows that 

B v := {6(F, x): There is i E I and g G G with Fj C gF and 71 ^ (g.x) = Xi} 
is a Z-basis for Go(A G \ A", Z). 

The canonical homomorphisms give rise to the exact sequence 0 —> Go(A G \ X,Z) -E 
C(A G ,Z) -E C(A, Z) —>■ 0. One way to see this would be to apply K-theory to the exact 
sequence 0 —> C 0 (A G \ X) -E C(A G ) —> C(X) -E 0. Therefore, the image B x of B \ B v under 
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the canonical projection C(A G ,Z) -» C(X,h) is a Z-basis for C(X,h). As B v is clearly G- 
invariant, so is B x - Moreover, l x £ B x , and G acts freely on B x \ {lx} — B \ (B v U {I^g}). 
Therefore, G rx X is almost ZG-free. 


The systems in Example 15.41 and Example 15.51 are not minimal. Here are examples of minimal 
topological dynamical systems which are almost ZG-free. 

Example 5.6. A Denjoy homeomorphism is a liomeomorphism cp of the circle which has no 
periodic points and is not conjugate to a rigid rotation (see for instance USD- It turns out 
that there is a unique closed (^-invariant subspace £ of the circle which is minimal for ip. £ 
is a Cantor set. The restriction of (p to £ gives rise to a Cantor minimal system Z rx £. In 
the proof of [ IB] Lemma 6.1], Ao(G(£)) = C(£,Z) is identified as a Z[Z]-module with Z © F, 
where F is Z[Z]-free. Hence Z rx £ is almost Z[Z]-free. 


It would be interesting to find more examples of almost ZG-projective systems. 

Here is why we are interested in the property “almost ZG-projective”: 

Proposition 5.7. Let G rx X be a topological dynamical system on a compact space X, and 
suppose that G rx X is almost ZG-projective. Let H be an abelian G-group. Then the canonical 
map H —* C(X, H ) induces injections H l (G, H ) LP(G, C(X, H)) for every i > 0. Moreover, 
assume that for every G-module M, H l (G,ZG 0 M) = {0}. Then G rx X is continuous H- 
cocycle rigid. 


Proof. By assumption, C(X, Z) = Z © P (as ZG-modules). Then C(X,H) = C(X, Z) 0 H = 
H © (P 0 H). Therefore, for every i > 0, C(G,H) —> C(C,C(X,H)) induces injective maps 
H l (G , H) c —)• H l (G, C(X, H)) as these maps correspond to the canonical inclusions H l (G, H ) 
H i (G\H)®H i (G 1 P®H) under the identification H l (G,C(X,H)) ^ H^G, Pd)®H i (G, P®H). 
Moreover, it is clear that for % — 1, P[ l {G,P[) —y H 1 (G, G (X , H)) is surjective if and only if 
iL 1 (G, P <E> H) = {0}. But since P is a projective ZG-module, we can find a ZG-module Q 
such that P ® Q is a free ZG-module. By assumption, H l (G , (P © Q) <E> H) vanishes, since 
(P © Q) ® H is of the form ZG 0 M for some G-module M. Hence H\G, P 0 H) = {0}. □ 

Lemma 5.8. Suppose that 1 —* FT —A- H H" —)• 1 is an exact sequence of groups, and 
assume that H' is abelian. Let G rx X be a topological dynamical system on a compact space 
X, and suppose that G rx X is almost ZG-projective and that H l (G, ZG® M) = {0} for every 
G-module M. 

If G rx X is continuous H"-cocycle rigid, then G rx X is continuous H-cocycle rigid. 


Proof. Write C' = C(X, H'), C = C(X,H ) and C" = C(X,H"). Let i : C' -> G and 
p : G —> C" be the homomorphisms induced by t and n. We get the following commutative 
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diagram with exact rows: 


1 

1 


H' 


C' 


H 


C 


H" 


C" 


1 

1 


where p ', p and p" are the canonical homomorphisms. 


Take x G i/ 1 (G,C). Since p'/ is surjective, we can find £" G H 1 (G,H") with p"(f") — P*{ x )- 
Let us first prove the following 


Claim: There exists ( G Lf 1 (G, H) with 7 t*(£) = 


Proof of the claim: Let A" be a 1-cocycle of G in H" representing £". Lift A" to a map 
A : G H such that tt o A = A". Then, as in [22], Chapter I, § 5.6], define a 2-cocycle A' 
of G in H' by setting \' st := and let A(A") := [A'] G H 2 (G,H'). Since p o p o A = 

ip" o 7 r o A = p" o A", p o A is a lift of p o A. Moreover, [p" o A"] = </?"[A"] = p"(f") = p*(x) lies 
in Im(p*). Therefore, by [22] Chapter I, § 5.6, Proposition 41], A (p" o A") = 0 in H 2 (G,C'). 
Hence 0 = A(p" o\") = [</?'oA'] = p[ [A'] = y?'(A(A / ')). As p[ is injective by Proposition 15.71 we 
obtain A(A') = 0. And thus, again by [221 Chapter I, § 5.6, Proposition 41], £" lies in Im (t*). 
This proves our claim. 


So we can find ( G H l {G,H) with 7r*(() = £". Then p*(p*(()) = v 3 *( 7 r *(C)) = = P*( x )- 

Let (3 be a 1-cocycle of G in H representing (. Let b = p((3). Then p*(() = [b\. Twisting by b 
gives rise to a commutative diagram 


(5) 


H\G,pH')^ ker^Tr) 


t p 


H\G, b C') 


M* 


ip. 


ker (( b p). 


n 


vr* 1 (tt*(C)) 


P* (p*( x )) 


Twisting and the bijections Tb are explained in [22] Chapter I, § 5.3] and at the beginning of 
[221 Chapter I, § 5.4], By [22] Chapter I, § 5.5, Proposition 38], (&«)* : iL^G, &G) —> ker(( 6 p)*) 

is surjective. Moreover, : H X (G, pH') —> if^G, ^G') is surjective by Proposition 15.71 

Hence, by commutativity of the left square in ([5]), </?* : ker ((p7r)*) —>■ ker (({,£>)*) is surjective. 
Commutativity of the right square in ([5]) implies that p * : —>■ pj 1 ^*^)) is surjective. 

In particular, there exists £ G 7rp 1 (7r*(C)) Q L7 1 (G,i7) with </?*(£) — x. □ 

Corollary 5.9. Let G rx X be a topological dynamical system on a compact space X. Suppose 
that G rx X is almost ZG -projective and that H 1 {G, ZG ® M) = {0} for every G -module M. 


Then G rx X is continuous H-cocycle rigid for every solvable group H. 


Proof. We proceed inductively on the length of a series {1} = Hq C Hi C ... C H n = H with 
Hi< H for all 1 < i < n and H^/Hi _i abelian for all 1 < i < n. The case n — 1 is taken care 
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of by Proposition 15.71 To go from n — 1 to n, consider the series {1} = Hi/Hi C H 2 /Hi C 
... C H n /Hi = H/H\. By induction hypothesis, G rx X is continuous ///77)-co cycle rigid. 
Applying Lemma 15.81 to 1 — y Hi —y H —y II /II | — y 1, we obtain that G rx X is continuous 
77-cocycle rigid. □ 

Remark 5.10. If G is a duality group in the sense of |2j Chapter VIII, § 10] with cd(G) fz 1, 
then H l (G, 7LG 0 M) = {0} for every G-module M. 


Clearly, Corollary 15.91 and Remark 15.101 imply 

Theorem (Theorem 1 1.71) . Let G be a torsion-free group, let X be a compact space, and suppose 
that G rx X is a topological dynamical system which is almost 7LG-projective. Furthermore, 
assume that G is a duality group in the sense of [2] Chapter VIII, § 10] with cd{G) 1. Then 
G rx X is continuous H-cocycle rigid for every solvable group H. 


6. Continuous orbit couples and topological couplings 

Let us build the bridge between continuous orbit equivalence and topological couplings. Let G 
and H be groups. 

Definition 6.1. A topological coupling for G and H consists of a locally compact space 12 with 
commuting free and proper left G- and right H-actions which admit compact open fundamental 
domains X (for the H-action) and Y (for the G-action). 

A topological coupling is topologically free if the corresponding action G x H rx 12 is topologically 
free. 


We often write G rx 12 rx H for our topological coupling, or G rx 12 rx H if we want to keep 

x v 

track of the fundamental domains. Here, by a fundamental domain X for 12 rx 77, we mean 
a subspace X C 12 such that the inclusion X 12 induces a homeomorphism X = hijII. 
Since we require X to be compact and open, this means that X x H — y 12, (x, h) K > xh is a 
homoemorphism (where H carries the discrete topology). For the sake of brevity, we refer to 
topologically free topological couplings as topologically free couplings. 

Moreover, topological couplings G ry 12i rx H and G rv 122 O H are isomorphic if there exists 

Xi Vi X 2 Y 2 

a G x W-equivariant homeomorphism 12 1 —W 12 2 sending X 1 to A " 2 and Y\ to V 2 . 

We now introduce a notion which is similar to, but weaker than continuous orbit equivalence. 
Definition 6.2. Let G rx X and H rxY be topological dynamical systems. 

A continuous map p : X —?• Y is called a continuous orbit map if there exists a continuous map 
a : G x X —$■ H such that p(g.x) = a(g, x).p(x). 
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A continuous orbit couple for G rx X and H rxY consists of continuous orbit maps p : X —$■ Y 
and q : Y —>• X such that there exist continuous maps g : X —> G and h : Y H such that 
qp(x) = g(x).x and pq(y ) = h(y).y for all x G X,y eY. 

A continuous orbit couple for G and H consists of topological dynamical systems G rx X and 
H rx Y on compact spaces X and Y and a continuous orbit couple (p, q) for G rx X and 
H rxY. 

We call a continuous orbit couple for G and H topologically free if G rx X and H rx Y are 
topologically free. 


Note that if (p, q) is a continuous orbit couple for G rx X and H rxY such that q = p _1 (i.e., 
g = e and h = e), then G rx X and H rxY are continuously orbit equivalent. In that case, we 
call (p, q) a continuous orbit equivalence. 

Continuous orbit couples (pi, qf) for G rx Xi and H rx Yi, % — 1, 2, are isomorphic if there exist 
a G'-equivariant homeomorphism X\ — X 2 and an //-equivariant homeomorphism Y\ Y> 
such that the diagrams 



commute. 

The main goal of this section is to prove the following 

Theorem 6.3. Let G and H be groups. There is a one-to-one correspondence between isomor¬ 
phism classes of topologically free couplings for G and H and isomorphism classes of topologi¬ 
cally free continuous orbit couples for G and H , with the following additional properties: 


(a) topological couplings with X = Y correspond to continuous orbit equivalences; 

(b) for topologically free couplings G ry Oi yu H and G ry O H , there exists a G x H- 

Yi x 1 x 2 x 2 

equivariant homeomorphism Oi = 122 (which might or might not preserve the fundamen¬ 
tal domains) if and only if the cocycles a \, b\, a 2 and b 2 of the corresponding continuous 
orbit equivalence satisfy a\ ~ a 2 and b\ ~ b 2 ; 

(c) for a topologically free coupling G rx 12 rx H, there exists an isomorphism p : G = 

x x 

H and a G x H-equivariant map 12 —» G (where G is equipped with the canonical 
left G-action, and the right H-action is given by p) if and only if the cocycle a (see 
Definition 1 6. 2\) of the corresponding continuous orbit equivalence satisfies a ~ p for an 
isomorphism p : G = H (the same isomorphism as for the coupling). 
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For the proof of this theorem, we will now present explicit, constructions of continuous orbit 
couples out of topological couplings and vice versa. The constructions are really the topological 
analogues of those in [TJ § 3] (see also [23] and 1201). 


6.1. From topological couplings to continuous orbit couples. Suppose that we are given 

a topological coupling G ry Q ~r\ H for groups G and H. We write G x fl —> fl, (g, x) K > gx 

x Y 

and x H —> fl, (x, h) i—)■ xh for the left G-action and right H- action. 

Set X := X and Y := Y. Dehne a map p : X —> Y by requiring Gx fib = {p(x)} for all 
x G X. The intersection on the left hand side is taken in fh Since Y C is compact and 
open, p is continuous. Moreover, by construction, there is a continuous map 7 : X —> G with 
p{x) = n f(x)x. 

We now dehne a G-action, denoted by G x X —> X, (g,x) 1 —> g.x, as follows: For every g G G 
and x G X, there exists a unique a(g,x ) G H such that gx G Xa(g,x). Since X is compact 
and open, a : G x X —> H is continuous. Set g.x := gxa(g,x)~ 1 . It is easy to check that this 
defines a (left) G-action on X. 

Similarly, we dehne a continuous map q : Y —> X by requiring X D yH = {q(y)} for all y G Y, 
and let 77 : Y —y H be the continuous map satisfying q(y) = yrj(y). To dehne an Ff-action on 
y, let (3(y,h ) G G be such that yh G j3(y,h)Y. Again, (3 : Y x H —> G is continuous. Set 
h.y ■= fily.h-^yh- 1 . 

Let us check that (p, q ) is a continuous orbit couple for G and H. To determine p(g.x) = 
p(gxa(g,x)" 1 ), we need to identify Ggxa(g,x )~ 1 D Y. We have 

Ggxa{g,x)~ l 3 / 3 ( 7 (x)a;, a(g, x)~ 1 )~ 1 j(x)xa(g, x ) _1 G Y, 

so p(g.x) = ^(^(xjx, a(g, x)~ 1 )~ 1 'y(x)xa(g, x)^ 1 = a(g,x).( r y(x)x) = a(g,x).p(x). Similarly, in 
order to identify q{h.y ) = q(/3(y, h l ) l yh^ 1 ), we need to determine X fl j3(y, /i _ 1 ) _ 1 7 /h _ 1 /F. As 

X 9 P(y, h~ 1 )~ 1 yr](y)a(P(y, h” 1 )- 1 , y V (y))~' G f3(y, h-^yh^H, 

we conclude that q(y.h ) = P(y,h~ 1 )~ 1 yr}(y)a(P(y,h- 1 )~ 1 ,yr}(y))- 1 = /3(y, hr')- 1 .yq{y) = 
P(y, h.- 1 )- 1 .q(y). Finally, qp(x) = q( r y(x)x) = , y(x)xa('y(x),x)^ 1 = y(x).x and pq(y) = 
p(yy(y)) — P(yi r l(y))~ 1 y r l(y) — viy^-y- All in all, we see that (p,q) is a continuous or¬ 
bit couple for G rx X and H rx Y in the sense of Definition 16.21 with a(g,x ) = a(g,x), 
b( h i y) = /5(z/, h -1 ) -1 , g(x) = y(x) and h(y) = viy)' 1 - 

Note that our coupling does not need to be topologically free for this construction. However, 
it is clear that G rx £2 w H is topologically free (i.e., G x H rx £1 is topologically free) if and 
only if G rx X and H rxY are topologically free. 


6.2. From continuous orbit couples to topological couplings. Let G rx X and H rxY 

be topologically free systems on compact spaces X and Y. Assume that (p, q) is a continuous 
orbit couple for G rx X and H rx Y, and let a, b , g and h be as in Definition 16.21 Dehne 
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commuting left G- and right //-actions on XxH by g(x, h) = (g.x, a(g, x)h), (x, h)h' = (x, hh'). 
Furthermore, define commuting left G- and right //-actions onGxh by g'(g,y) = {g'g,y) and 
(g, y)h = (, gb(h~\ y)~\ h~ l .y). 

A straightforward computation, using the cocycle identities (see Lemma 12. 8 p for a and b , 
shows that 0 : X x H — >■ G x Y, (x, h) ha (g(x)~ 1 b(h~ 1 ,p(x))~ 1 ,h~ 1 .p(x)) is a G- and H- 
equivariant homeomorphism whose inverse is given by©” 1 : G x Y —> X x H, ( g,y ) *->• 
(g.q(y), a(g, q(y))h(y)). Therefore, if we set £1 = X x H as a G x H- space and set X = X x {e}, 
Y = 0 -1 ({e} x Y), then this yields the desired topologically free coupling G ry £7 rx H. 

X Y 

Note that topological freeness oi G rx X and H rxY ensures that a and b satisfy the cocycle 
identities (as in Lemma 12. 8 H , which are needed in the preceding computations. 

6.3. One-to-one correspondence and consequences. We can now finish the 

Proof of Theorem Id. 31 It is straightforward to check that the constructions described in § 16.11 
and 11 16.21 are inverse to each other up to isomorphism. For instance, if we start with a topologi¬ 
cally free coupling G ry Q xx //, construct a continuous orbit couple and then again a topolog- 

x Y 

ical coupling, we end up with a coupling of the form G rx Q xx H where Q = XxH = GxY, 

x Y 

X = X x {e} and Y = {e} x Y. It is then obvious that O = X x H —> O, (x, h) i-> xh is an 

isomorphism of the couplings G rx £1 rx H and G ry £1 rx H. Conversely, if we start with a 

x y x Y 

continuous orbit couple (p, q ) for topologically free systems G rx X and H rx Y, construct a 
topological coupling and then again a continuous orbit couple, we end up with a continuous 
orbit couple (p, q) for G rx X and H rxY where X = X x {e} and Y = {e} x Y. The canonical 
isomorphisms X = X x {e} and Y = {e} x Y give rise to an isomorphism between (p, q) and 
(P, <?)• 

The additional properties (a), (b) and (c) are also easy to check. □ 


In particular, this proves Theorem 11.81 

Corollary 6.4. Assume that there exists a topologically free continuous orbit couple for groups 
G and H. If G is finitely generated, then so is H, and G and H are quasi-isometric. 

In particular, if topologically free systems G rx X and H rxY on compact spaces X and Y are 
continuously orbit equivalent, and if G is finitely generated, then so is H , and G and H are 
quasi-isometric. 


Proof. By Theorem 16.31 if there exists a topologically free continuous orbit couple for G and 
H , then there exists a (topologically free) topological coupling for G and H. Our claim follows 
from [H Chapter IX, Exercise 34], □ 
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7. Conclusions 

Now we are ready for the proofs of Theorem 11.31 and Theorem 11.41 

Theorem (Theorem 11.3[) . Let G be a torsion-free group, and let H be a finitely generated 
nilpotent group which is not virtually infinite cyclic. Assume that G rx X is a topologically 
free system on a compact space X such that G rx X is almost ZG-projective. Furthermore, let 
H rxY be a topologically free system. If G rx X and H rxY are continuously orbit equivalent, 
then they must be conjugate. 


Proof of Theorem ] 1. A Corollary 16.41 implies that G is finitely generated, and that G and H are 
quasi-isometric. So G is virtually nilpotent but not virtually infinite cyclic because H has these 
properties (see [12] )• This means that G contains a finitely generated, torsion-free, nilpotent 
group as a subgroup of finite index. Therefore, by [2j Chapter VIII, Proposition (10.2)], G has 
to be a duality group. Since G is not virtually infinite cyclic, we know that cd(G) ^ 1. Thus 
G rx X is continuous H- cocycle rigid by Theorem 1 1.71 Now assume that G rx X ~ coe H rx Y. 
As G is torsion-free and virtually nilpotent, hence amenable, and because G rx X is continuous 
H- cocycle rigid, Theorem 11.61 implies that G rx X ~ con j H rxY. □ 


Here is our second main result, followed by its proof. 

Theorem (Theorem 1 1.4p . Let G be a duality group in the sense o/[2] Chapter VIII, § 10] which 
is not infinite cyclic, and let H be a finitely generated solvable group. Assume that G rx X is 
a topologically free system on a compact space X such that G rx X is almost 7LG -projective. 
Furthermore, let H rxY be a topologically free system. If G rx X and H rxY are continuously 
orbit equivalent, then they must be conjugate. 


Proof of Theorem l.j By Corollary 16.41 G is finitely generated and quasi-isometric to H. 
Therefore, G is amenable (see |JJ Chapter IV, 50. Geometric properties]). Moreover, as G 
is a duality group, it is torsion-free. As G is not infinite cyclic, we must have cd(G) 1. 
Hence Theorem 11.71 implies that G rx X is continuous T-cocycle rigid. Now assume that 
G rx X ~ coe H rx Y. Since G is torsion-free and amenable, and because G rx X is 
continuous T-cocycle rigid, Theorem 11.61 implies that G rx X ~ con j H rxY. □ 
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